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Abstract

The frequency stability of an optical frequency standard at 729 nm, based on a single calcium ion, is numerically studied. Itis
investigated through the Allan deviation, whose minimum is estimated to tgd@eh~ 2.5 x 10~15, /7 with 7 the integration
time. The systematic frequency shifts have been calculated and lead to an achievable relative unceﬂﬂm{yl@ﬁm,
supposing the use of the odd isot(ﬁi’i&‘t_‘,aJr and a vessel cooled to 77 K.
0 2004 Elsevier B.V. All rights reserved.
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1. Introduction dards. At this time, two kinds of experiments are under

study in various groups: one uses an ensemble of laser-
d cooled neutral atoms in a fountain, an optical lattice
or a BEC, the other one uses a single trapped laser-
cooled ion (for a recent review s¢&]). The present
work is motivated by strong progress in storing, cool-
ing and coherently manipulating single ions in Paul
traps. Together with the ultra-precise optical frequency
mspondmg author. measurements achieved by frequency chains a_nd fre-

E-mail addresscaroline.champenois@up.univ-mrs.fr guency combs, this progress leads to the realization

(C. Champenois).

Thanks to the recent progress made in atom an
ion cooling and trapping, laser stabilization and high-
resolution optical spectroscopy, narrow optical tran-
sitions are considered as a basis for frequency stan-
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of single-ion frequency standards, as for'Hg], Sr*
[3.,4], Yb™ [4] and In™ [5], and proposed for Ca[6].
Our experimental project aims to build an optical fre-
quency standard using the electric quadrupole transi-
tion 4S1/2 — 3Ds» of a single calcium ion at 729 nm. cooling
Among the frequency standard candidatest @as- laser
sesses the major advantage that the required radiations
for cooling and exciting the clock transition can be
produced directly by solid state or diode lasers. In ad-
dition, the existence of an isotope having semi-integer
nuclear spin [ = 7/2) allows to eliminate the first-
order Zeeman shift, canceling a major source of line Fig. 1. Transitions involved in the cooling and probing of an ion for
shift and broadening. a frequency standard. In practice, the cooling scheme may involve
The performances of a frequency standard are de- s_everal lasers because of a possible hyperfine structure and/pr a pos-
fined by the stability of its local oscillator (a laser in sible decay towards other metastable states. In most cBggg)s
’ o . . of the order of 20 MHz whereak,, is of the order of 1 Hz.
the optical case) and the precision achieved in the ob-
servation of an atomic transition. Frequency instability
is due to deviations from a mean frequency through- Umez:
out varying probe time intervals, while frequency un- 1 T
certainty is caused by the atomic frequency fluctua- o,(7) = —\/z
tions induced by environmental conditions and by the QS/NY =
experimental conditions for observation. The quality where Q = fo/Af is the quality factor defined by
factor of optical atomic transitions can reach30  the ratio of the clock frequency over its observed
which is 5 orders of magnitude higher than for mi- linewidth, S/N the signal-to-noise ratio and, the
crowave frequency standards and thus provides hopecycle time required for the interrogation of the ion.
for better ultimate performances than the existing stan-  The schemes to probe an optical transition of a sin-
dards. gle ion consist of a preparation stage, an excitation of
The interrogation scheme used to probe the atomic the clock transition, and a final detection stage. The
transition influences the frequency stability of the pro- cycle time 7, is the sum of the corresponding time
posed standard via the variation of the duration of the durationsTprep, Texc, andTget. During the preparation
probe cycle. In the first part of this Letter we discuss stage, the ionis laser cooled and optically pumped into
the choice of this scheme, by using numerical simula- the internal state chosen to be the ground state (see
tions to compare single-pulse spectroscopy with time- Fig. 1). The light scattered by the cooling transition
domain Ramsey interferometry. Systematic effects ex- is also used for detection of the ion. The probing of
pected for a standard based tiCa" may reduce its  the clock transition by the local oscillator (a laser) is
accuracy and precision, they are discussed in the sec-done by direct laser excitation. During this stage, all
ond part. For this evaluation, we employ the specific the preparation lasers are shut off. After excitation of
parameters of the Caion trap experiment in Mar-  the clock transition, the cooling lasers are switched on
seille [6] as an example, but the discussion is kept again. The quantum jump methdd] allows then to
as general as possible to remain applicable to other know if the atom is excited or not: the absence of fluo-
atomic species. rescence during the detection stage proves that the ion
is “shelved” in the metastable upper state whereas the
presence of fluorescence signal means that the ion is
2. Frequency stability still in the cooling cycle. Repetition of this measure-
ment as a function of the clock laser frequency al-
Frequency stability is one of the major characteris- lows to measure the transition probability distribution.
tics of a frequency standard. It can be quantified by In the following, we discuss the laser characteristics
the Allan deviationo,(r) measured for an average and the maximum duration required for these various

metastable state [m>

ground state |g>

1)
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stages. The choice of the suited interrogation schemeby kiy+/2{n) +1 < 1. The Lamb-Dicke parameter

is essential to minimize the Allan deviation. n = kiy quantifies the ability for a system {ieAtrap}
to reach the Lamb—Dicke regime for a given transition.
2.1. Preparation and detection It is of the order of 0.1 for optical transitions (e.g.,

0.095 for calcium’s clock transition in the trap taken
We suppose the ion cooled to the Doppler limit as example).

in an RF-trap and located at the center of the trap, In most cases, the frequency of motion in the trap is
where the RF-trapping field is minimum and has lit- of the order of 1 MHz, whereas the atomic dipole tran-
tle influence on the ion motion. Since the trap creates sition used for laser cooling has a widkQe close to
a quasi-harmonic potential, the motion of the ion is 27 x 20 MHz. On such broad transitiod4pol/2 >
a superposition of oscillations at different frequencies wy) the Doppler limit for laser cooling can be ap-
due to the spatial anisotropy of the trapping device. proximated by the one of a free atd®8]. This leads
If we suppose, for simplicity’s sake, that there is only to a thermal population of the harmonic trap vibra-
one frequency of motiomy /27 in the trap, the re- tional levels characterized biy:) >~ I'cool/ 2wy >~ 10.
sulting atomic absorption spectrum is composed of a The Lamb-Dicke conditiom/2(n) +1 < 1 is then
central frequency corresponding to the atomic transi- fulfilled by the vibrational state reached by Doppler
tion wo/27r and sidebands separated by multiples of cooling ((n) >~ 10). This fulfillment sets the transition
the motional frequencywo + pwy) /27 (p integer). free of first-order Doppler effect, while the second-
The sidebands are resolved if the width of each band order Doppler effect is very small (see Secti®d).
is smaller than their mutual separation (the strong con- Furthermore, the residual distribution of occupied vi-
finement conditioff8]). This can be achievedin minia-  brational levels still allows to drive coherent dynamics

ture traps with high motional frequencies  MHz) on the clock transition, as required for the interroga-
for all the narrow transitions considered as potential tion schemes and confirmetumerically in the fol-
basis for frequency standards,( < wy, seeFig. 1). lowing. Since the time needed to reach the Doppler

The intensity of each bang in the spectrum depends cooling limit is of the or@r of milliseconds while the

on the oscillation amplitudé& of the ion in the trap optical pumping is faster than the millisecond, we can

like Jlf(kX) [8] wherek is the laser wavevector of — estimatelpepto 5 ms.

the probed transition ang, the Bessel function of or- The duration required for the detection stage de-

derp. Asthe functionslg(kX) have negligible values  pends on the fluorescence signal collected on the

when p 2 kX, the smaller isk X, the less sidebands strong dipole transition. For such transitions with a

are visible. Laser-cooling the ion reduces its oscilla- width of ~ 20 MHz, one can expect at leastidbunts

tion amplitudeX and thus the number of observable per second (cps) over a stray light level of less than

sidebands. A major step in the preparation of the ionis 100 cps. In these conditions, 10-ms periods are suf-

to access the Lamb-Dicke regime which is character- ficient to acquire enough signal to decide if the atom

ized by the reduction of the spectrum to few sidebands has been excited into the metastable state. As a conse-

with a preponderant weight on the central frequency, quence, 15 ms is a realistic estimation for the sum of

this regime is reached X < 1. the preparation and detection contributions to the cy-
The motion of the ion can be described by the occu- cle duration. To this minimum cycle duration must be

pation rate of the vibrational quantum levels, charac- added the excitation duration tinTgyc. In the follow-

terised by the mean vibrational quantum number ing subsection, we theoretically study the minimiza-

This vibrational state can also be characterized from tion of this probe time for different excitation schemes,

the classical point of view by an oscillation amplitude assuming that the total cycle tinTe = Texc+ 15 ms.

X = Ara/2(n) + 1, where the lengthy = /7i/2maxy

measures the size of the fundamental harmonic oscil- 2.2. Choice of the excitation scheme

lator eigenstatén = 0). This length depends on the

atomic mass by A/m and, as an example, is equalto 2.2.1. Evaluation of the minimum Allan deviation

11 nm for a calcium ion withwy = 27 x 1 MHz. The The width Af of the observed transition and its

Lamb-Dicke conditiorkX < 1 can also be expressed signal-to-noise ratio depends on the laser excitation
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scheme. The choice of a high-frequency clock tran- citation probability. As a consequence, finding a com-
sition (in the optical domain) allows to reach smaller promise between all these incompatible requirements
Allan deviations than the ones obtained on frequency deserve precise studies of the excitation scheme.
standards in the microwave domain. Until now, the Two excitation schemes have been experimentally
narrowest optical transition linewidth has been ob- tested by several groups: a single Rabi pulse or two
served on a HY ion [9] and has allowed to reach a temporally separated Ramsey pulses. The first one has
relative frequency stability of ¥ 1071 over 1 sav-  been performed on Hyg[2], Int [12], Sr* and Yb"
eraging. In this Letter, we discuss possible excitation [4], and the second one on Hd2] and Sr* [3]. In
schemes independently of the ion implied. We intro- the following we discuss the principal features of each
duce a reduced Allan deviatior = o, () x fo\/7 t0 method and then compare them. To quantify the rel-
quantify the expected frequency stability of the stan- ative stability allowed by the discussed methods, we
dard, keeping in mind that reduced Allan deviations evaluate the reduced Allan deviation by
between 1 and 10 have already been measured by sev-
eral groups on lasers locked on atomic optical transi- | 1—
tions. o' =0y(1) fovT=Af
Let p,, be the probability for the ion to be in the
metastable state once excited by the clock laser. The For a high frequency sensitivity, we assume that the
frequency of the transition, to which the clock laser laser probes the transition on each side of the line,
will be locked, is deduced from the probabiligy, on the two frequencies corresponding to an excita-
measured several times on the low and high frequencytion probability p,, which is half of the maximum
sides of the transition. This method of frequency dis- probability measured for zero detuning,( can never
crimination requires the excitation probabilipy, to exceed 12). The deduced\ f when these probabili-
be around 0.5, where theogle of the pobability dis- ties are equal is then the FWHM of the experimental
tribution is the steepest and the frequency sensitivity is linewidth. The evolution of the density matrix of the
the highest. two levels|g) and|m) is computed numerically. The
Several sources of noise can limit the signal-to- atomic system is defined by the metastable lifetipe
noise ratio. Among these is the quantum projection fixed to 1 second(;, = 1/t,), and it is driven by a
noise[10] which is dominant once the technical noise Rabi pulsationf2. The motion of the ion is taken into
has been reduced. The laser excitation creates a lin-account by a distribution of thermal vibrational lev-
ear superpositio of the ground |g)) and metastable els, characterised by the mean vibration numfaér
(Im)) states.\/1— pmlg) + /Pm|m). During the de- and defined byP (n) = ((n)/(1+ (n))". The excitation
tection stage, the atomic state is projected on one of probability p,, is then an incoherent weighted sum of
these two atomic states. The variance of such a mea-the probability for each vibrational level to be excited
surement i, (1 — p,) and causes a minimum noise in the metastable state. For a given laser intensity, the
' pn(@A— pm) OnN the transition probability. This can  Rabi pulsation from vibrational levét) — |n) is pro-
be overcome by using squeezed st§td3, which we portional to (1 — n2n) whereas it is proportional to

Pm \/?C 3)

Pm

do not consider here. nv/n+1 for a|n) — |n + 1) transition. We choose
The maximum signal-to-noise ratio which can then for 5 the value of 0.095 calculated for a calcium ion
be observed is in the trap described above. As the Doppler cooling
s o leads to(n) >~ 10, the excitation probability on the
N / T (2) |n) — |n) band is higher than tha) — |n £+ 1) bands
m

so these last ones were neglected?lis the Rabi pul-
which is maximum at resonanceg,{ = 1), where the sation for thejn = 0) — |n = 0) transition,2 L, (7%)
frequency discrimination is inefficient. Thus, maxi- isthe one forthén) — |n) transition,L, beingthe La-
mum frequency sensitivity and maximum signal-to- guerre polynomia]13]. The linewidthI; of the laser
noise ratio are not compatible. Additionally, the finite spectrum (FWHM) is taken into account by adding a
upper-state lifetime leads to spontaneous decay which,source of decoherence equal to this width in the opera-
for long excitation time, can reduce the maximum ex- tor controlling the evolution of the density matfit4].
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For a laser detuning\; and in the rotating wave ap-
proximation the density matrix evolves according to

. . i$2
Pgg = —Pmm = 7(pgm - pmg) + Lin Pmim » (4)
. } i2
Pgm = —LALPgm + 7(,0gg = Pmm)
Fmpgm FLpgm
_ ZmPgm _ " LPgm 5
5 5 (5)

2.2.2. Single pulse excitation

To avoid power broadening, the narrow transition
can be experimentally observed if the Rabi pulsation
£2 is smaller than the linewidth and the interrogation
time longer than the lifetime. But because of the finite
lifetime of the excited state, the maximum excitation
probability is low and requires several seconds to be
reached, reducing the relative stability even if the ob-
served linewidth is close to the natural width. In an
ideal context where the experiment is not limited by
the laser stability, the calculations show that the small-
est reduced Allan variance is reached with a single

pulse which should last at least 1 s and drive the tran-

C. Champenois et al. / Physics Letters A 331 (2004) 298-311

sition with £2 of the order of Z7,. With today’s laser
stability a cycle time of a few seconds for a single mea-
sure seems not realistic. We rather consider excitation
schemes with durations inferior to 1 second, since a
cycle has to be repeated several times before a signal
can be built up to counteract on the frequency of the
local oscillator.

In Fig. 2, are plotted the excitation probability at
half maximum p,,, the full width at half maximum
Af and the reduced stability as defined by E8),
versus the cycle tim&, = Texc + 15 ms, assuming a
single Rabi pulse. These curves reflect Rabi oscilla-
tions, which show maximum excitation probability for
Texc= (2q + 1) /$2 (g integer). ForTexc = 2qm/S2,
the excitation probability is minimum on resonance
and shows some maximum for other detunings. The
computed FWHM has then no physical significance,
which is not relevant here as a clock is never operated
with this excitation duration. The interesting feature is
the minimum of the reduced Allan variance observ-
able for the shortesfexe. TWo cases with different
Rabi pulsations2 (£2 = 10r;, and 2 = 1007I;,) are
compared irFig. 2 For both cases, excitation proba-

0
0.015

T (s)=T__ +0.015
c exc

Fig. 2. Calculations of the reduced relative stability(c), from the probability at half maximurp,, (a) and the widthAf (Hz) (b) of the
excitation probability profile, for an increasing excitation tiffigc (7. = Texc + 0.015 s). This stability is calculated for a metastable lifetime
tm =1/, =1 s and a single Rabi puls€(= 1073, or 2 = 10073, ) for two thermal vibrational states characterised/by= 0 and(n) = 10.

Dotted line:$2 = 100, and (n) = 0, dash-dotted line2 = 1075, and (n)

=10, broken lines2 = 1007, and{(n) = 0, solid line: 2 = 10077,

and(n) = 10. On (b) and (c), the dotted and dash-dotted line arestisuperimposed and only one curve is plotted on the graph.
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bility and full width at half maximum are computed We now take into account the effect of a finite
for an ion whose oscillatory motion corresponds to laser linewidth on the minimum reduced Allan devi-
the Doppler cooling limit (z) = 10) or to the funda-  ation and compare the value computed for a laser as
mental vibrational state(f) = 0). The first result to broad as the atomic transitiod’{ /27 = 0.2 Hz) to
mention is that the first minima of the reduced Allan the one computed with a 20 Hz broad laser (FWHM).
variance are identical for these two vibrational states, In this latter case, the performances of the clock are
for the chosen Rabi pulsation. It confirms that Doppler greatly reduced first by the reduction of the excitation
cooling is sufficient for state preparation. The results probability and second by the broadening of the ob-
shown inFig. 2 suggest that the discrepancy between served transition. The first drawback can be overcome
the(n) = 10 and then) = O vibrational state increases by the increase of the Rabi pulsation but this is paid
with the pulse duration. We have checked that in the by a further increase of the transition broadening. As
case of the short pulses we consider in the following, a consequence, for a given laser linewidth and a given
the results are nearly theame for these two vibra- metastable lifetime, there is an optimal Rabi pulsation
tional distributions and thus, from now on, only the which results in a minimum reduced Allan deviation.

cases concernin@) = 0 are dealt with. This is illustrated irFig. 3where forl'; /27 = 20 Hz,
To illustrate the influence of the strength of the Rabi ¢’ is minimum ¢’ = 12.4) for 10075, < §2 < 12505,
pulsation inFig. 2, the excitation is driven by2 = and a cycle time of 40 ms, whereas fof /27 =

107, ands2 = 1007y,. In the first case, the minimum 0.2 Hz,o’ is minimum for$2 >~ 41, and is then equal
reduced Allan deviation is close to 1 but requires an to 1.7 but for a cycle time of 625 ms. In the case of the
excitation of more than 300 ms. In the second case, broadest laser linewidth, these results confirm the in-
the first minimum is reachefbr a cycle duration of  tuitive idea that for optimum stability, the pulse length
50 ms, but this shortening of the cycle duration is paid Texc is limited by the laser linewidttexcl, >~ 7 and

by an increase of’ equal to 4.5. This trend is general that the Rabi pulsation is then approximately set by
and a further increase of the Rabi pulsation leads to an the resonant -pulse condition2 Texc >~ 7. When the
increase of the minimum Allan deviation as well as a laser linewidth is comparable to the transition natural
decrease of the required cycle time. width (I'z/27 = 0.2 s71), the optimum stability is

T (s) T

0 1 2 3

10 Qr 10 10

Fig. 3. (a) Minimum reduced Allan deviation and (b) cycle duratirrequired to reach this minimum versus the Rabi pulsation. Computation
done for a metastable lifetimg, = 1/7;, = 1 s and a single Rabi pulse by a laser of width (FWHM), with an ion in the vibrational ground
state (n) = 0). Broken line:I';, /27 = 0.2 Hz and solid linel, /27 = 20 Hz.
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reached for a shorter excitation timfexcl 7 (I7,) >~
0.6 and a Rabi pulsation under the resonanpulse
condition 2 Texc =~ 2.5, which could not be deduced
from the intuitive concept.

2.2.3. Comparison with Ramsey interferometry

The introduction of the separated fields method
or Ramsey interferometrjl 5] was soon followed by
breakthroughs in high resolution spectroscopy and is
expected to overcome the limitations met with sin-
gle pulse excitation. With this method the line profile
is recorded after two pulses of duratidh such as
QT = /2, separated by a free evolution tirfigee.
When the laser detuning is scanned, the profile shows
Ramsey fringes resulting from an interference pat-
tern and for short enough pulse duration (or a high
enough Rabi pulsation), the width of the central fringe
is equal to ¥2Tsee and is then independent from the
Rabi pulsation. For a chosen pulsatie) the evolu-
tion of p,,, Af ando’ does not show oscillations with
T., like for a single Rabi pulses’ takes very high
values for shortl,, and decreases toward a limit for
longerT,. This limit depends on the choice of the pul-
sations2.

When the width of the laser is taken into account by
the relaxation it causes on the coherence, for a given
Rabi pulsation, the reduced Allan deviation decreases
for increasing free evolution time until it reaches criti-
cal time where the width of the laser broadens the line.
This behaviour results in a minimum of the reduced
Allan deviation reached for this critical cycle time and
depending on the laser linewidth and the Rabi pulsa-
tion. For increasing Rabi pulsatia@, this minimum
Allan deviation decreases towards a limit which de-
pends very little on the laser linewidth as it varies by
less than a factor of 2 over the whole range of the
considered linewidth (A < I'z, /27 < 100 Hz). This
is made possible by the short interaction time with
the laser, allowed by a strong Rabi pulsatitn In
the case where the experiment is not limited by the
available laser power2 must be chosen to reach a
minimum Allan deviation close to the limit but also to
cause a negligible light-shift on the atomic levels. This
light-shift is evaluated in SectioB.3and our calcula-
tions and numerical computations show that a Rabi
pulsations2 = 1000 s allows to reach the Allan de-
viation limit to better than 1% and to cause a negligible
light-shift.

Letters A 331 (2004) 298-311
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Fig. 4. Minimum reduced Allan deviation versus the laser linewidth
I'y /2r (Hz), for a metastable lifetime,, = 1/I;, =1 s. The
dashed line shows the minimum achievable reduced deviation with a
single Rabi pulse (the cycle time and Rabi pulsation are computed to
minimize o). The solid line shows the minimum deviation achiev-
able with a two Ramsey pulses excitation for a fixed Rabi pulsation
of 10007}, = 1000 5L,

Fig. 4shows this minimum reduced Allan deviation
for a laser linewidth from 0.1 Hz to 100 Hz (FWHM),
compared with the oneeached with a Rabi excita-
tion scheme, where the best and 7. are found to
reach the minimum Allan deviation, like explained in
Fig. 3. The minimum Allan deviation expected for a
narrow laser (0.1 Hz) for a Ramsey excitation scheme
is 1.06 and for a Rabi scheme is 1.76. These val-
ues are very close to each other but their evolution
with the width of the laser is very different in the
two cases. As shown ifrig. 4, for a Rabi excita-
tion scheme, the minimum Allan deviation increases
with the laser linewidth to reack’ = 55 for I, /27 =
100 Hz whereas it reaches 1.48 for a Ramsey scheme
with the same laser linewidth. This evolution illus-
trates the great advantage of Ramsey two separated
pulses excitation over a Rabi single pulse. This can be
explained by the high Rabi pulsation value & I,)
chosen for the two Ramsey pulses, necessary to reach
a narrow central linewidth. The atom—laser interaction
is then very short€ 1 ms) and therefore the decoher-
ence induced by the laser linewidth has little influence
on the excitation probability and the width of the cen-
tral fringe. As a consequence, for the laser linewidths
considered here, the reduced Allan deviation is almost
not affected. On the contrary, for a single Rabi pulse,
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Fig. 5. Excitation profile leading to minimum Allan deviation
for a laser linewidth/;, = 0.1 (Hz), for a metastable lifetime
m =1 s. Solid line: profile reached for two Ramsey pulses, with
£2 =10007, and 7, = 313 ms. Dashed and dot-dashed line: pro-
files reached for a single Rabi pulse, two configurations lead to the
sameo’ = 1.76: 2 = 2I;, and T, = 1.093 s (dashed line) and

2 =TI, andT, = 392 ms (dot-dashed line).

the pulsatiorf2 has to be increased with growing laser
linewidth to shorten the pulse duration and keep an
excitation probability as high as possible. With this
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Table 1

Minimum Allan deviation expected for different optical frequency
standard candidates, computed with a very narrow laSgyZr =
0.1 Hz) and two Ramsey pulses with = 1000 s1

Atom T (S) A (nm) O pini oy (1)

Int 0.2 236 178 14 x 10715, /7
cat 1.15 729 105 25x 10715/ /7
Hg™ 0.08 282 278 26 x 10715/ /7
srt 0.4 674 140 31x 10715/ /7
Ybt 0.05 436 404 59x 10715/ /7

tage of keeping low deviation even for laser linewidth
broader than the transition.

2.2.4. Influence of the metastable level lifetime

We have computed the minimum reduced Allan de-
viation for different metastable level lifetimes,, for
a very narrow laser(; /20 = 0.1 Hz) and excita-
tion by two Ramsey pulses wit? = 1000 s as this
value allows to reach the limit of the Allan deviation.
The results are summarizedTable 1 The computed
Allan deviations are very close for all the ion opti-
cal frequency standard candidates (between 1.4 and
5.9 x 1071%/,/7) confirming quantitatively the pre-
diction that optical frequency standard will overtake

excitation scheme an increase of the Rabi pulsation the performances of existing microwave standards in

implies an increase of the linewidth by power broad-
ening, leading to a larger Allan deviation.

To give an insight of how such performances are
reached, the excitation probability profiles calculated
for the conditions giving the minimum Allan devia-
tion for a 0.1 Hz laser linewidth are shown kig. 5.

the long run.

2.2.5. Summary

First, our studies confirm that a Ramsey excitation
scheme is more appropriate than a Rabi one to take
full advantage of very narrow atomic transition in the

For a Ramsey scheme and the chosen Rabi pulsationgoal of building a frequency standard. They also show

of 1000 s%, the optimum cycle time is 313 ms and re-
sults in a 1.76 Hz wide profileX ) with p,, = 0.465.
For a single pulse, the minimum Allan deviation can
be reached by two different Rabi pulses. One with
2 =2 s and lasting 1.093 s gives rise to a narrow
(Af = 0.86 Hz) but few excited profilef,, = 0.22).
Another one with2 = 7 s~ lasting 392 ms leads to
a broader profile A f = 2.28 Hz) with higher exci-
tation (p,, = 0.39). These three profiles illustrate the
compromise required between high excitation proba-
bility and narrow linewidth to reduce the Allan devi-
ation. They show that different conditions can reach

this compromise. In any case, the Ramsey excitation

scheme results in Allan deviation smaller than for a

that the finite laser linewidth implies an optimum cy-
cle time for a given Rabi pulsation, which cannot be
deduced intuitively from this linewidth as it ranges
from T, = 120 ms for the shortest metastable life-
time listed onTable 1(z,, = 0.05 s) to 312 ms for the
longest metastable level lifetimg, = 1.15 s (C&).
The Allan deviation expected for a €astandard is
2.5 x 1071%/,/7 which ranks well among the other
candidates for optical frequency standard.

3. Frequency standard accuracy and precision

Besides the frequency stability, the other relevant

Rabi scheme. Furthermore, this method has the advan-parameters defining the quality of a frequency stan-
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dard are its accuracy and its precision. The standard
frequency may be shifted from the atomic resonance
value by any interaction of the atom with external
fields. If this shift is constant, it only reduces the stan-
dard accuracy but not its precision. If this shift varies
in time or cannot be evaluated exactly, the precision is
reduced also. As these effects contribute to the uncer-
tainty of the future frequency standard, all the interac-
tions of the ion with its surrounding must be controlled
to minimise and/or to maintain any shift of the clock
frequency. We evaluate these shifts for a calcium ion
n orde_r to choose the_ best mtemz_il state and prepareFig. 6. Hyperfine structure of the levels involved in the preparation,
an environment for which these shifts are minimum. g, citation and detection dfcat (1 = 7/2) [17,18}

The ground stategg) of the calcium ion is|Sy/2)
and the metastable stgie) is | Ds/) with a measured
lifetime of 1152+ 23 ms[16] which leads to a natural ~ The exact cancellation of thiérst-order Zeeman ef-
width for the clock transition of 138 3 mHz. We re- fect to better than one hertz requires a stability of the
quire that during the excitation of the transition by the magnetic field better than 16 uT for at least a few
clock laser, all other lasers are shut off. This assures seconds, which seems difficult to realise. As a conse-
that there are no light-shifts of the leveslg 2 and Ds» quence the use of the odd isotope appears to be the
caused by the Coo"ng laserThe other major effects easiest solution to eliminate the first-order Zeeman
that can shift the standard frequency are due to the lo- shift from the standard frequency.
cal magnetic and electric fields and to the intensity of ~ The second-order Zeeman shift depends on the
the clock laser itself. In the Lamb-Dicke regime, the choice of the hyperfine sublevels. We calculate these
Doppler effect shifts the line only by its second-order shifts by searching the eigenvalues of the Zeeman
contribution. We first focus on the Zeeman effect as it Hamiltonian for the{ F, m r) states. The Zeeman shift
governs the choice of the isotope and atomic sublevels of the fundamental hyperfine levels
used for the standard.

|Sl/2,F=3OI’F:4,mF=O>

3.1. Zeeman effect are at least 2 orders of magnitude smaller than the shift

. . . . of the metastable hyperfine levels
To avoid any uncontrolled or time-varying shifts, yp

the freqqency stand_ard must be ma(_jg as indepe_nden}D5 s F=1....6mp=0)
as possible of environmental conditions. The first-
order Zeeman effect can be eliminated by the use of and are not relevant for the choice of the lew&g. 7
atomic Zeeman sublevels with no projection of the to- shows the quadratic Zeeman shifts for the differ-
tal moment on the magnetic field. This can be realised ent hyperfine levels oDs/, for sublevelsmyr = 0.
by the use of an isotope with a half integer nuclear These curves illustrate the great variation of these
spin. The most abundant one (0.135% in a natural sam- shifts with the hyperfine sublevel. Depending on the
ple) is#3Ca’ with a nuclear spin 2. The hyperfine level involved, the second-order Zeeman effect can
structure of this isotope can be found Big. 6. Alter- be as large as 98.04 aT? for F = 1 or reduced to
natively, the first-order Zeeman effect could be elimi- —9.05 Hz/uT? for F = 6 (seeFig. 7). This last level
nated on thé°Ca* transition by cancellation between should be used as a basis to reduce the second-order
Zeeman effect of the standard. As {i5g/2) — |Ds/2)
|S1/2,m =1/2) — | Dsj2,m = 1/2) transition is electric-quidrupole, the selection rules
and AF = 0,4£1,£2 imply that the fundamental sub-
level involved in the standard should & />, F =4,

|S1/2,m = —=1/2) — | D52, m = —1/2). mp =0).
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- F=1 . . .
0 Indeed, it is possible to prepare the atomic system

. inthe |S1/2, F =4, mp = 0) state thanks to the prop-
20 erty of dipole transition that forbids”, mp = 0) —
- |F,mp = 0) transitions. After the cooling stage, two

lasers polarised parallel to the magnetic fiedd(r =
0) and resonant with thgsy 2, F = 4 andF = 3) —
| P12, F = 4) transitions optically pump the system in
the|S1/2, F = 4, mp = Q) state in few microseconds,
then ready for the probe stage. Actually, the cooling
S~ FF and optical pumping stage are not so simple due to a

TN = possible decay fronPy» to D3/ level (seeFig. 6),
whose lifetime is the same order of magnitudegs,
and so requires three repumping lasers, to empty the
possibly occupied” = 3, 4, 5 levels. If the repumping
Fig. 7. Zeeman shift of the metastable hyperfine sublevelS$ lasers ares (=0t + 0 7) polarised, the cooling and
versus the magnetic field, for Zeeman sublexgl = 0. optical pumping remains efficient, as long as the three
repumping lasers’ detunings are different from the two

o ) cooling ones, to avoid dark resonandgd] and as
To eliminate the uncertainty due to the Zeeman long as their polarization is spun to prevent pump-

effect, the local magnetic field must be kept on the ng into dark stateg19]. With its very low natural

0.1 uT level. A controlled magnetic field is still needed  gpyndance, the use of such an isotope is technically
to split all the Zeeman sublevels and to be able t0 se- challenging, but it has been shown that photoionisa-
lect the [mp = 0) — |mr = 0) transition. The o  tjon processes allow to creat¥Cat ions even from a
closest transitiongSy 2, 4, +£1) — |Ds)2, 6, £1) are non-enriched calcium samp22].

split apart by+3.5 kHz/uT. So a magnetic field of

0.1 pT allows to isolate thep =0 — mp=0transi- 37 |nteraction with DC electric fields and their

tion and can be measured by the observation of theseyragients

neighbouring transitions. Nevertheless, such a mag-

netic field may not be sufficient to maintain a high The second-order Stark effect shifts the standard
level of scattered light by the atomic system, as ob- frequency through the coupling of the levelg and
served for other ions under stud¥]. But itis pos-  pg , to all the other atomic levels by electric dipole in-
sible to recover a high level signal by spinning of the  teraction with any DC or slowly varying electric fields.
laser polarisatiofd, 19]and we do not consider, atthis - These fields also shift thBs, level by the coupling
level, this reduction of the signal as a limitation. With- 4 its electric quadrupole moment to any electric field
out any magnetic field applied, the local field caused gragient. In a usual miniature spherical trap, the con-
by the earth and the experimental setup is of the or- fining electric field has no static component, oscillates
der of 107 T and such fields can be produced by 1A 4t 3 frequency of the order of 10 MHz and its shape in
in Helmholtz coils. Furthermore, magnetic field fluc- tne center can be very well approximated by a quadru-
tuations of 0.2 uT over one day have been observedpole. In the exact center of the trap there should be
in an unshielded environmef0]. As a consequence, ng oscillating field but an oscillating field gradient.
in a thermalized and shielded environment, it is tech- However, in a real Paul trap, patch potentials deform
nically possible with standard current supplies of 1 A the harmonic potential well created by the RF field.
stabilized to the mA level, to compensate for the al- They separate the minimum potential point from the
ready existing magnetic field and to add the desired ;org RFE-field point and static bias voltages have to
magnetic field of 0L+ 0.05 uT. In these conditions,  pe applied in the three directions to make these two
the frequency uncertainty due to the Zeeman effect is points meet again and reduce any static field to less
than V/cm. This step is required to be able to cool
B=01+005puT— 5fz =-0.09+0.09Hz  (6) an ion to the Doppler limit and to reach the Lamb—

-20

frequency shift (Hz)

-40

1
0,0 5,0x10” 1,0x10°
magnetic field (T)
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Dicke regime[23] and can lead to an increase of the —3.9 mHz/(V/cm)? for the scalar part and
static electric field gradient. Such gradient can realis-
tically reach 1 \Vmm on 1 mm (the typical diameter +<2_1 mHz )3C°§9 -1
of a Paul-Straubel trap). Thecal electric field is then (V/cm)2 2

the sum of the quadrupole oscillating field that traps o the tensorial part and associate an uncertainty as
the ion, the bias static field lower tharysm and the g a5 the value itself to take into account that there

isotropic field radiated by the vessel considered as a 4. missing couplings. The total frequency shift due to
blackbody. Since the frequencies of this radiated field pc siark effect is then

are far below the optical resonance of'Cahe field
can be taken into account by its mean-square value av-§fs(S1/2 — Ds/2, F = 6,mp = 0)
eraged over all the blackbody spectrum, whose value 3c020 —1 mHz

is given by[24] =56(£4) + 2.1(+2) > v /em)2- (8)
4 At room temperature, the DC Stark shift is mainly due
<E§B) — 83192<%)) (7) to the isotropic radiated field and is therefore

8fs(S12— Dsj2, F =6,mp =0)

i|_"| (V/m)2with T in Kelyin. _At room tempgrature, this — 0.39(+0.27) Hz. )
field overtakes the static bias field resulting from com-
pensation of patch potentials. Nevertheless, it can be If the vessel is cooled to 77 K, the contribution of the
drastically reduced by cooling the vessel, a thermal- radiated field is of the same order as the bias static field
ization at 77 K sets this field below the level of &, so its direction is unknown and its amplitude of the
comparable to the bias static one. order of 1 V/cm. Such a field induces an uncertainty

Thanks to a symmetry property of the second-order on the frequency of
Stark Hamiltonian (which behaves like a second-order
tensor), the Stark shift dfy /> is independent of the hy- 8fs(T7 K)(Sy2 — Dsj2, F =6,mp =0)
perfine level and Zeeman sublevel. As a consequence, <12 mHz (10)
it is also independent of the polarisation of the elec-
tric field and behaves like a scalar (this property is true
for any level withJ < 1). An electric field couples the
ground state &/, to all then Py, andnPs/; levels
but in the fact, the sum of the oscillator strength on
4Py, and 4Pz is already equal to [25] and there is
no point taking into account other couplingsiio- 4
levels. The second-order Stark shift ofi14 is then
easily evaluated te-9.5 mHz/(V /cm)?.

The Stark effect on th®s), level can be split into
a scalar term, independent aghandm g and a ten-

As for the coupling of the electric quadrupole moment
of the 3Ds,; state to any electric field gradient, it de-
pends on the hyperfine level, its Zeeman sublevel and
on the shape as well as on the symmetry axis of the
electric potential[26]. The coupling strength is due
to a non-spherical repartition of the electronic charge
density and depends on the atomic orbitals of the con-
sidered level. The quadrupole moment3Ds,,) of

the fine structure state can be defined4s:

sorial part, depending on these two quantum numbers@(3D5/2) 5 .
and on _the_ angle k_Je_tween the ele_c_trlc _fleld a_nd the _ —5<3D5/2, my = —|3z2 _ r2]3D5/2, my = _>_
magnetic field defining the quantification axis. The 2 2 2
sum of all the oscillator strengths of the transitions be- (11)

tween s> andn P32 (n > 4), nFs2 (n >4) and  Thisis calculated by considering the electronic orbital
nk72 (n > 4) is only 0.48 (according to the Har-  of 3ps/, as pure @ without any mixing with other
vard databas¢25]), suggesting that there are other electronic orbitals. For a single electron atf2i]
couplings with levels belonging to the continuum.

i i i e 2J -1
Then our evaluation can only be a rough estimation, o, _ _<r2) (12)

but it gives a correct order of magnitude. We find 2V 2y 42
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In our case: measurements. This precision depends a lot on the ves-
2 sel design and experimental setup, and it seems diffi-
©(3Ds)2) = 7(r2)3d. (13) cult to estimate this uncertainty as long as we have not
performed the experiment. Nevertheless, other authors
In [26], the Cowan code is used to compyité)s, for [29] have projected to reduce by 50 the uncertainty in-
Hg*. A good enough and simple estimation @f) duced by this shift and we assume that a reduction by

in alkali like ion is provided by the quantum defect a factor of 10 is readily achievable, which sets the un-
method[28] which gives a simple relation between certainty induced by the quadrupole effectif.1 Hz.

the energyE,; of the electronic level and an effective At this point, it is important to mention that in spher-
quantum numbet* (/) by ical traps, the field gradient is inferior to the one in
linear traps, due to the confining geometry. As a con-
sequence, in order to minimize the shift induced by the
gradient a spherical trap is preferred to a linear trap.

72

—— _au, Z=Z-N+1 14
n*z(l) + ( )

Enl =
(r?)a; can then be cal~culated using the one-electron 3.3
orbital properties, withZz andn* instead ofZ andn. e
This method gives for Ca

Interaction with AC electric fields

During the excitation of the clock transition, only
<r2> — 6.642 (15) one laser is applied. It can still cause an AC Stark shift
3d o (or light-shift) of S1/2 and D5/ by coupling them to

whereaqg is the Bohr radius. The energy shift of the P12 and Ps/» by dipole interaction or by coupling

hyperfine sublevelF =6, mr = 0) of 3Ds), is them to other Zeeman sublevels k>, and S1/»
) by quadrupole interaction (the coupling witbg,, is

SE — 1<E<r2) )(}ﬂ)n (1)  far less strong). The first two couplings produce a
1\ 7V B \29x2 ) shift proportional to the laser intensitl,9 equal to

1.1 x 10 %1729 Hz. The laser intensity required to pro-

yvhere_n Is a geometrical factor equal (8 c02§ﬂ _21) duce the highest Rabi pulsation of 1000 sonsid-
ifthe field has a quadrupole symmetiy (cx“+ y* — ered in Sectior2.2.30n the|S1/2, 4, 0) — | Ds2, 6, 0)

2:%), f being the angle between its symmetry axis and 15 ition is 0.75 pWmm?2, which leads to a light-shift
the magnetic field defining the quantization a26]. caused by dipole coupling equal to 0.08 mHz, which

The frequency shift of the standard transition under g ',,yever, negligible compared to the natural width
investigation is then of the transition.

192y Light-shifts of a few kHz due to quadrupole interac-
3f =8.1x 10‘7(§W)1‘[ Hz. ) tion with other Zeeman sublevels have been measured
. on“40Cat isotope[30]. In these experiments Rabi pul-
The hyperfine level has little fluence on this shiftas, sations of 1 MHz were used with laser detunings of
for example, for the leveF = 2, 7/11 is replaced by  the order of 1 MHz. Here we calculate this shift in
17/35. With the expected gradient of 1/%m over the context of the clock transition excitation for a
1 mm, the uncertainty indied by this effect reaches Rabi pulsation equal to 10005 and a magnetic field
the hertz level, which is high compared to the width of 0.1 pT. The frequency detuning required to probe
of the clock transition in Ca. Any modification of the the clock transition depends on the laser linewidth
patch potential, due, for example, to the ion creation and on the Rabi pulsation used, and is of the order
process, alters this shift and reduces the reproductibil- of 1 Hz. By choosingt10 Hz for this detuning the
ity of the standard. Still, this effect can be eliminated light-shift is then not underestimated. We find an ef-
by averaging the transition frequency measured with fect equal to£6 mHz decreasing ta-0.06 mHz if
the magnetic field along three perpendicular direc- the magnetic field is 1 puT. The sign depends on the
tions, as the geometric@l factor is then averaged to  sign of the detuning. Two reasons make this effect
zero[26]. The remaining uncertainty will then depend very small: the small Rabi pulsation considered for
on the precision of the angle setting between the three such experiments and the small detuning required to
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Table 2

Uncertainty budget for the frequency transition 8, 4. 0) — |Ds,2. 6, 0) in 43Ca*

Effect Fields/conditions Shift (Hz) @ 300 K @77K
Second-order Zeeman effect 0.1uT —0.09+0.09 —0.09+0.09
Stark effect Radiated and bias static field +0.39+0.27 <0.012

Ds; coupled to the field gradient 1N +0.1 +0.1

AC Stark effect @ 729 nm 0.75 pykhm?, 0.1 uT +0.006 +0.006
Second-order Doppler effect lon cooled to the Doppler limit —2x1074 —2x 1074
Global shift and uncertainty +0.3+0.4 —0.09+0.19
Relative shift and uncertainty +7(4+9) x 10-16 —2(£4) x 10716

probe the two sides of the transition (of the order of In the case of the Caclock transition (p = 4.11 x

a few Hz). With such small detuning, the couplings 10 Hz), the absolute shift is.22 mHz, which is

of [S1/2, 4, 0) with | D5, 6, 2) and with|Ds,2, 6, —2) negligible in the reduction of the clock precision. This
compensate each other (and vice versafwy,, 6, 0) calculation confirms that Doppler laser cooling is suf-
with |S1/2, 4, +2)). Nevertheless, with the laser power ficient also to reduce the second-order Doppler effect
and magnetic field values planned for the optical clock to negligible values.

realisation, this effect overtakes the ones induced by

dipole couplings. 3.5. Uncertainty budget

3.4. Second-order Doppler shift Table 2gives the uncertainty budget expected for
_ an atomic clock based offCat. At room tempera-
The second-order Doppler effect shifts the fre- ture, and with the considered magnetic field, the ma-

quency transition by jor source of frequency shift and uncertainty is the
5fn (v2) Stark effect induced by the radiated electromagnetic
—=—>3 (18) field. This effect is drastically reduced in a vessel
fo 2 cooled to 77 K and then the major source of uncer-

The motion of the ion can be described by a thermal tainty becomes the coupling with the field gradient

oscillation at the secular pulsatien, superimposed  through the quadrupole moment Dk,» which limits

by an oscillation driven by the radio-frequency field the ultimate precision of the clock. It can be compen-

applied to the trap. The average kinetic energy results sated by measuring the frequency with three perpen-
from these two contributions which can be considered dicular directions of magnetic field. Nevertheless, the
as equal with a good approximation, in the typical case obtained precision will depend on the design of the
where the trap is operated close to the origin of its sta- experimental setup and the ability to control the di-

bility diagram[23]. The amplitude of oscillatiox of rections of the laser propagation and magnetic field.
the secular motion is evaluated in Sect®n for an The projections made for all these major systematic
ion cooled to the Doppler limit. The mean-square sec- shifts show that an atomic frequency standard based on
ular velocity is calculated byw?) = V02/2 whereVp = |S1/2,4,0) — |Ds)2, 6, 0) of 43Cat can reach an un-

orX and X = Ag+/2(n) +1 (cf. Section2.1). The certainty of 4x 10~16, with room for improvement by
contribution of this mean square velocity is computed petter compensation of the quadrupole shift and better
twice in the evaluation of the second-order Doppler stabilization of the magnetic field.

shift, to take into account the radio-frequency driven

motion. With the values chosen in Sectidd, the ve-

locity amplitudeVp is equal to 0.32 s leadingto a 4. Conclusion

second-order Doppler relative shift given by

8fp 5 We have presented a theoretical evaluation of the
<=2 = 56x1071° (19)  ultimate

o performances that can be expected from
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